In this article, we study the fixed point theorems for nonspreading mappings, defined by Kohsaka and Takahashi, in Banach spaces but using the sense of norm instead of using the function φ. Furthermore, we prove a weak convergence theorem for finding a common fixed point of two quasi-nonexpansive mappings having demiclosed property in a uniformly convex Banach space. Consequently, such theorem can be deduced to the case of the nonspreading type mappings and some generalized nonexpansive mappings. MSC: 49J40; 47J20
Introduction
Let T be a mapping on a nonempty subset E of a Banach space X. The mapping T is said to be quasi-nonexpansive [] if F(T) = ∅ and Tx -y ≤ x -y for all x ∈ E and for all y ∈ F(T), where F(T) denoted the set of all fixed points of T.
In , Suzuki [] introduced a condition on T which is weaker than nonexpansiveness and stronger than quasi-nonexpansiveness, called condition (C) and obtained some fixed point theorems for such mappings.
Since then, Dhompongsa et al.
[] extended Suzuki's main theorems to a wider class of Banach spaces. Furthermore, the fixed point theorems of such mappings have been studied by the authors of [-], etc.
During the same period, Kohsaka and Takahashi [] introduced a nonlinear mapping called nonspreading mapping in a smooth, strictly convex, and reflexive Banach space X as follows:
Let E be a nonempty closed and convex subset of X. Then, a mapping S : E → E is said to be nonspreading if φ(Sx, Sy) + φ(Sy, Sx) ≤ φ(Sx, y) + φ(Sy, x) (.)
for all x, y ∈ E, where φ(x, y) = x  - x, Jy + y  for all x, y ∈ X and J is the duality mapping on E. When X is a Hilbert space, we know that φ(x, y) = x -y  for all x, y ∈ X http://www.fixedpointtheoryandapplications.com/content/2012/1/110 so a mapping S : E → E is said to be nonspreading if
for all x, y ∈ E. Since then, some fixed point theorems of such mapping has been studied by many researchers such as [-] .
To discuss about weak convergence theorems for two nonexpansive mappings T  , T  on E to itself, Takahashi and Tamura [] constructed the following iterative scheme:
In , Dhompongsa et al. [] showed, by giving examples, that the class of nonspreading mappings is different from the class of mappings satisfying condition (C) and proved weak convergence theorems for a common fixed point of such two mappings in Hilbert spaces by using Takahashi and Tamura's iterative scheme.
In this article, motivated by Dhompongsa et al.
[], we prove some fixed point theorems for nonspreading mappings for a general Banach space, i.e., nonspreading mappings satisfying (.) instead of (.). Furthermore, we prove a weak convergence theorem for a common fixed point of any two quasi-nonexpansive mappings having demiclosed property in a uniformly convex Banach space. Consequently, such theorem can be deduced to the case of the nonspreading type mappings and some generalized nonexpansive mappings.
Preliminaries
Let E be a nonempty closed and convex subset of a Banach space X and {x n } be a bounded sequence in X. For x ∈ X, define the asymptotic radius of {x n } at x as the number
The number r and the set A are, respectively, called the asymptotic radius and asymptotic center of {x n } relative to E. It is known that A(E, {x n }) is nonempty, weakly compact and convex as E is [] .
Definition . []
A Banach space X is said to have the Opial property if for each sequence {x n } ⊂ X weakly converging to a point x ∈ X (denote as x n x) and for any y ∈ X http://www. 
A Banach space X is said to be uniformly convex if δ X () =  and δ X (ε) >  for all  < ε ≤ .
In , the following condition was defined by Suzuki [] :
Let T be a mapping on a subset E of Banach space X. Then T is said to be a satisfy condition (C) if
We further have the following from []. 
In , Kohsaka and Takahashi [] introduced the following nonlinear mapping.
Definition . []
Let X be a smooth, strictly convex, and reflexive Banach space, J be the duality mapping of X and let E be a nonempty closed convex subset of X. Then, a mapping http://www.fixedpointtheoryandapplications.com/content/2012/1/110
for all x, y ∈ E, where φ(x, y) = x  - x, Jy + y  for all x, y ∈ X. In the case when X is a Hilbert space, S is said to be nonspreading if  Sx -Sy
Theorem . [] Let X be a smooth, strictly convex, and reflexive Banach space, E be a nonempty closed convex subset of X and let S be a nonspreading mapping of E into itself. Then the following are equivalent:
• there exists x ∈ E such that {S n x} is bounded;
• F(S) is nonempty.
In , Dhompongsa et al. [] proved that, by giving the following examples, in Banach spaces, the class of nonspreading mappings for a general Banach space and the class of mappings satisfying condition (C) are different. For the sake of completeness, we give the proof.
Example  [] Define a mapping T on [, ] by
From [], T does not satisfy condition (C). But T is nonspreading. Indeed if x =  and y = , we have
It is easy to see in the other cases that  Tx -Ty
Example  [] Define a mapping T on [, ] by
Thus, T is nonexpansive mapping and hence it satisfies condition (C). But T is not nonspreading. In fact, if x =  and y = , we have
The authors also studied the iterative scheme of Takahashi and Tamura [] for approximation a common fixed point of nonspreading mappings and Suzuki's mappings in Hilbert spaces as follows: itself such that F(S) ∩ F(T) = ∅. Define a sequence {x n } and {z n } as follows:
Theorem . [] Let E be a nonempty closed convex subset of a Hilbert space H, let S be a nonspreading mapping of E into itself and let T be a condition (C) mapping of E into
. Then, the following hold.
• if lim inf n→∞ α n ( -α n ) >  and ∞ n= β n < ∞, then {x n } generated by (A) and {z n } generated by (B) converge weakly to v ∈ F(S) and u ∈ F(T), respectively; • if lim inf n→∞ α n ( -α n ) >  and lim inf n→∞ β n ( -β n ) > , then {x n } generated by (A) and {z n } generated
by (B) converge weakly to u ∈ F(S) ∩ F(T) and v ∈ F(S) ∩ F(T), respectively, where u = lim n→∞ P F(S)∩F(T) x n and v = lim n→∞ P F(S)∩F(T) z n .
Since our purpose is to study fixed point theorems of mappings defined on uniformly convex Banach spaces, we need the following result.
Lemma . [] Let E be a uniformly convex Banach space and r > . Then there exists a strictly increasing, continuous, and convex function g : [, r] → R such that g() =  and
for all x, y ∈ B r and t ∈ [, ], where B r = {z ∈ E : z ≤ r}.
Fixed point theorems for nonspreading mappings for a general Banach space
We recall that S : E → E is a nonspreading mapping for a general Banach space if
First, we consider the existence of a fixed point for such mappings in Banach spaces.
Theorem . Let X be a Banach space and E be a nonempty weakly compact convex subset of X such that A(E, {x n }) is singleton for all bounded sequence {x n } in X. If S : E → E is a nonspreading mapping for a general Banach space, then F(S) is nonempty.
Proof Let x ∈ E. Since E is weakly compact, E is bounded and hence {S n x} is bounded ∀n ∈ N. Let y ∈ A(E, {S n x}). By the definition of S, we have
Therefore, It follows from the fact that, in a uniformly convex Banach space, the asymptotic center of a bounded sequence with respect to a bounded closed convex subset is singleton. So, we have the following.
Theorem . Let X be a uniformly convex Banach space and E be a nonempty weakly compact convex subset of X. If S : E → E is a nonspreading mapping for a general Banach space, then F(S) is nonempty.

Proposition . Let X be a Banach space and E be a nonempty subset of X. If S : E → E is a nonspreading mapping for a general Banach space and F(S) = ∅. Then S is a quasinonexpansive mapping.
Proof Let x ∈ E and y ∈ F(S). By the definition of S, we have
Therefore, Sx -y  ≤ x -Sy  = x -y  and hence the proof is complete.
Theorem . Let X be a uniformly convex Banach space and E be a nonempty weakly compact convex subset of X. Assume that S : E → E is a nonspreading mapping for a general Banach space and T : E → E satisfies condition (C). If S and T are commutative, then F(S) ∩ F(T) = ∅.
Proof By Theorem . and Lemma ., we have F(T) is nonempty, closed, and convex. By the definition of S, we have
By the commutative of S and T, we have Sx = S(Tx) = T(Sx), and hence Sx ∈ F(T) for all x ∈ F(T). Therefore, S : F(T) → F(T). Since E is weakly compact convex and F(T) is a closed subset of E, F(T) is weakly compact convex. By Theorem ., we have F(S) = ∅. So there exists y ∈ F(S) such that y = Sy ∈ F(T) which implies that y ∈ F(S) ∩ F(T).
Open problem
Since x n x, {x n } is bounded and hence {Sx n -Sx} is bounded. Thus lim n→∞ Sx n -x n =  implies that
By the boundedness of {x n -x} and lim n→∞ Sx n -x n = , we have
which is a contradiction. Thus we have x ∈ F(S).
Lemma . Let X be a Banach space. Let E be a nonempty closed convex subset of X. If S : E → E and T : E → E are quasi-nonexpansive mappings such that F(S) ∩ F(T)
for all n ∈ N, where {α n } ⊂ (, ) and {β n } ⊂ (, ). Then lim n→∞ x n -w exists for all w ∈ F(T) ∩ F(S) and {x n } is bounded.
Proof Let w ∈ F(S) ∩ F(T) and y n = β n Tx n + ( -β n )x n . By the quasi-nonexpansiveness of S and T, we have
By (.) we have,
We can conclude by induction that x n -w ≤ x -w for all n ∈ N. This imply that { x n -w } is a decreasing and bounded sequence and hence lim n→∞ x n -w exists. Furthermore, {x n } is bounded since x n ≤ x n -w + w . Now, we are in a position to prove our main result.
Theorem . Let X be a uniformly convex Banach space having Opial property. Let E be a nonempty closed convex subset of X. If S : E → E and T : E → E are quasi-nonexpansive mappings having demiclosed property. Assume that F(S)
∩ F(T) = ∅. Let {x n } be defined as ⎧ ⎨ ⎩ x  = x ∈ E, x n+ = α n S{β n Tx n + ( -β n )x n } + ( -α n )x n for all n ∈ N, where {α n } ⊂ (, ) and β n ⊂ (, ). Then lim inf n→∞ α n ( -α n ) >  and lim inf n→∞ β n ( -β n ) >  imply that x n v ∈ F(S) ∩ F(T).
Proof Let w ∈ F(S) ∩ F(T).
As in the proof in Lemma ., we have x n -w ≤ x -w for all n ∈ N. Using Lemma ., we put r = x -w so that there exists a strictly increasing, continuous, and convex function g : [, r] → R such that g() =  and
Hence, by the quasi-nonexpansiveness of T, we obtain
 and (.), we put r = x -w in Lemma . again to get a strictly increasing, continuous, and convex function g : [, r] → R such that g() =  and
By the quasi-nonexpansiveness of S and from (.), we obtain
Since lim inf n→∞ α n ( -α n ) > , there exist k  >  and N ∈ N such that
By Lemma ., we have
Since k  > , we have lim sup n→∞ g( Sy n -x n ) =  and hence lim n→∞ g( Sy n -x n ) = . Since Sy n -x n ≤  x -w for all n ∈ N, { Sy n -x n } is bounded and hence we can put
Since g is a continuous function, we have
Since g() =  and g is strictly increasing, M = . Therefore, lim sup n→∞ Sy n -x n =  and hence lim n→∞ Sy n -x n = . From (.), we have
Hence,
Then from (.) and lim n→∞ x n -w exists, we have lim n→∞ ( x n -w  -y n -w  ) = .
On the other hand, we have from (.) that
Since lim inf n→∞ β n ( -β n ) >  so there exist k  >  and N ∈ N such that
Therefore, we can conclude that lim n→∞ g( Tx n -x n ) = . http://www.fixedpointtheoryandapplications.com/content/2012/1/110
Similarly, the continuity and strictly convexity of g imply that lim n→∞ Tx n -x n = . Since {x n } is bounded, there exists {x n i } ⊂ {x n } such that
where {β n } ⊂ (, ) and lim n→∞ Tx n -x n = , we have lim n→∞ y n -x n = .
Using lim n→∞ y n -x n =  and x n i v, by passing through subsequences, if necessary, we can assume that there exists a weakly convergent subsequence {y n i } of {y n } such that y n i v.
Furthermore, consider
Sy n -y n = Sy n -x n + x n -y n ≤ Sy n -x n + x n -y n .
Since lim n→∞ Sy n -x n =  and lim n→∞ y n -x n = , lim n→∞ Sy n -y n = .
By the demiclosedness of S, we have v ∈ F(S) and hence v ∈ F(S) ∩ F(T).
Finally, we show that x n v. Let {x n k } be arbitrary subsequence of {x n }. Since {x n k } is bounded, there exists {x n k i } ⊂ {x n k } that x n k i u. The same proof as v above, there exists {y n k i } ⊂ {y n k } such that y n k i u and u ∈ F(S) ∩ F(T). Suppose that v = u. Using Lemma . to guarantee that lim n→∞ x n -v and lim n→∞ x n -u exist and hence we have from the Opial property that 
This is a contradiction. So x n v ∈ F(T) ∩ F(S).
Since the class of nonspreading mappings for a general Banach space is different from the class of mappings satisfying condition (C), we can apply Proposition . and Proposition . to deduce Theorem . as follows:
Corollary . Let X be a uniformly convex Banach space having Opial property. Let E be a nonempty closed convex subset of X. Assume that S : E → E is a nonspreading mapping for a general Banach space and T : E → E satisfies condition (C) such that F(S) ∩ F(T) = ∅. Let {x n } and {z n } be defined as
x n+ = α n S{β n Tx n + ( -β n )x n } + ( -α n )x n ,
